We consider a weakly-interacting fermionic gas of alkali-metal atoms characterized by two hyperfine states which are Rabi coupled. By using a Hartree approximation for the repulsive interaction we determine the zero-temperature equation of state of this Fermi gas in D spatial dimensions (D = 1, 2, 3). Then, adopting the Landau-Vlasov equation and hydrodynamic equations, we investigate the speed of first sound and zero sound. We show that the two sounds, which occur respectively in collisional and collisionless regimes, crucially depend on the interplay between interaction strength and Rabi coupling. Finally, we discuss for some experimentally relevant cases the effect of a trapping harmonic potential on the density profiles of the fermionic system.
I. INTRODUCTION
In the last few years the study of ultracold alkalimetal atoms was made even more stimulating by the experimental advent of synthetic gauge potentials, applied on multi-component gases in different hyperfine levels [1] [2] [3] [4] . A related ingredient, experimentally quite simple to implement because it does not involves spacedependent tunnelling processes, is the Rabi coupling. This technique is nowadays a common tool for experimental and theoretical investigations involving multicomponent gases. Some examples are the control of the population of the hyperfine levels [5] , the formation of localized structures [6] , and the mixing-demixing dynamics of Bose-Einstein condensates [7, 8] .
Due to the wide applicability of the Rabi coupling, it is particularly interesting to investigate how the presence of a Rabi term affects equilibrium and collective dynamical properties of interacting atomic gases. In the present paper we analyze the effect of a Rabi coupling on a twohyperfine-component Fermi gas. In particular we focus on zero suond and first sound [11] , which can be experimentally obtained with a local perturbation of the gas density. In general, the study of sound propagation in Fermi liquids, from Helium to electrons to cold gases, is of extreme importance to understand the physical properties of the system [11, 12] .
We determine at first the equation of state for the gas, in the presence of a weak repulsive interaction within a Hartree approximation. We find that the Rabi coupling term divides the spectrum in two branches with different energies. Later on, we use this equation of state to derive the behavior of the zero and first sounds. In this analysis we adopt hydrodynamic equations in the collisional regime and the Landau-Vlasov equation in the collisionless regime [11, 12] . Finally, in the Appendix, density profiles in presence of an harmonic trap, mostly used in current experiments, are derived within the local density approximation, as well as the densities and the chemical potentials at the center of the trap, where the measurements for the sounds are usually performed.
II. THE MODEL
We consider a two-spin-component Fermi gas of alkalimetal atoms with mass m, described by the Hamiltonian
whereψ σ (r) is the fermionic field operator for atoms with spin σ,n σ (r) =ψ † σ (r)ψ σ (r) is the local number density operator, and µ is the chemical potential [4] . The term proportional to Ω corresponds to the Rabi coupling inducing a spin flip between the components, while the term proportional to g models the density-density intercomponent repulsion (g > 0).
We assume that system is in a D-dimensional space. Moreover, we work in the weak-coupling regime gn 1, with n = n ↑ (r) + n ↓ (r) the average total number density, to avoid Stoner instability [9] and itinerant ferromagnetism [10] . In this way, at equilibrium, we can safely set n ↑ (r) = n ↓ (r) .
III. EQUATION OF STATE
A. Non-interacting case Let us start with the very simple case of noninteracting fermions. If g = 0 the Hamiltonian in Eq.
(1) is quadratic, then it can be diagonalized in momentum space by a global unitary transformation, obtaininĝ
Equations (5), rescaled by Λ D , read:
In the particular case D = 2 we obtain immediately n = 2μ, not depending on Ω.
B. Interacting case
If g = 0 the global unitary transformation diagonalizing the quadratic part of Eq. (1) maps the interaction term as follows:
We see that the interaction term transforms covariantly, as a consequence of the fermionic nature of field operators and of the global nature of the unitary transformation leading to Eq. (2). The latter features occurs only because the Rabi term proportional to Ω in Eq. (1) is the same in every point of the space. This is not the case for instance in the presence of a spin-orbit coupling. We simplify the repulsive interaction term keeping only the Hartree terms in the first Born approximation: gn + (r)n − (r) gn + (r) n − + gn − (r) n + , where n ± = n ± (r) . In this way the chemical potentials µ ± of the interacting system become
The label (I), denoting the chemical potentials shifted by the effect of the interaction, will be also used in the following for the potentials µ ± , as well as the densities n ± , can be obtained solving two equations, similar to Eq. (4):
or, in adimensional form (ñ − =ñ −ñ + ):
If D = 2 Eqs. (10) can be solved also analitically, yielding the results
and
No dependence on Ω is found for µ in this case. If instead D = 1, 3, the same equations can be solved numerically. Clearly, in this case it is much better to work with the rescaled equations (11) . For D = 3, the dependence ofμ onñ at fixedΩ = 0.2 andg = 0.1 is reported in Fig. 1 , while the dependence onΩ at fixed n = 2 andg = 0.1 is shown in Fig. 2 .
Numerical solutions forñ ± are shown instead in Fig.  3 . We see that as Ω increases, the same trend occurs for n + , whileñ − decreases (so that the total rescaled densitỹ n stays constant.)
Finally, beyond a critical value forΩ only the band λ + (k) is populated (ñ − = 0). Notice also that the regime with only a band is achieved at a lower criticalΩ when the dimension of the system increases.
IV. COLLECTIVE DYNAMICS
The equation of state for the Rabi-coupled Fermi gas determined in the last Section allows to turn on the investigation of some non-equilibrium properties. Along this line, on the next Sections we will study the first sound and the zero sound. We focus mainly in the regime where both the branches s = ± are macroscopically populated, so that speaking about collective spatial oscillations in their densities makes sense. The density perturbation giving rise to the sounds can ben created by a suitable We set in the regime with two bands and we also assumed g = 0.1, andñ = 2.
blu-detuned laser applied on the gas, producing an effective local repulsive potential and a gaussian density hole in the atomic cloud (see [13, 14] and citing articles) [15] .
Given an interacting system with collisional time τ , a sound mode of frequency ω is in the so-called collisionless regime if τ ω 1. In this case the mode is called zero sound [11] and the collisionless dynamics is accurately described by the Landau-Vlasov equation [11] . Notice that in the three-dimensional case the collisional time τ at T = 0 [16] scales as
where a is the scattering length (proportional to the interaction strength g) and v
are the Fermi velocities. Instead, under the condition τ ω 1, the sound mode of frequency ω is in the collisional regime and the mode is called first sound. The sound depends here on the collective wave motion of the Fermi gas, describable by ordinary Navier-Stokes equations (with suitable quantum corrections to be included).
We stress at the end that, for both the sounds described above, the simultaneous appearance of the two chemical potentials µ
± in the equilibrium equations of state (as in Eqs. (11)) allows to include a priori density oscillations of the two species ± with arbitrary relative phases.
V. FIRST SOUND Derivation of the first sound velocities
We derive in this Subsection the expressions for the first sound velocity in the two-components Fermi gas. The knowledge of the equilibrium thermodynamical quantities is again supposed, in the light of the studies performed in the Section III.
In principle, since two fermionic components are involved, two sounds could be expected, corresponding to local fluctuations of the total number density n = n + + n − and of the difference δn = n + − n − . However, the single particle energies λ ± (k) in Eq. (3) differ by an amount 2 Ω and the sound related with the fluctuations of δn is gapped. Consequently, an initial very small perturbation does not excite the gapped mode. For this reason, we concentrate below on the fluctuations of n.
As claimed in the previous Section, an hydrodynamic approach, based on the Navier-Stokes equations, is appropriate in the first sound regime. Here we use the equations of rotational hydrodynamics [17] for the local total particle densities n(r, t) and local velocity v(r, t). These equations read
where µ(n(r, t)) is the chemical potential of the bulk system, defined in the Hamiltonian in Eq. (1) . Notice that on the right side of the equality in Eq. (16) a rotational term appears. This term makes the difference between normal collisional hydrodynamics and superfluid (irrotational) hydrodynamics [17] , since in the latter case ∇ ∧ v(r, t) = 0. However, even for rotational fluids, the rotational term, quadratic in the velocity field, can be neglected in the framework of linear-response theory, valid for small perturbations of the equilibrium configuration, as the ones considered here. In the following we will work under this assumption, neglecting the rotational term and performing the expansions:
where the symbols n denote the constant equilibrium density defined in Section II, moreover δn(r, t) and δv(r, t) represents small variations with respect to the equilibrium configuration. Similarly, the chemical potential can be expanded around the equilibrium v alue µ = µ(n) as:
We insert now in Eq. (25) the linearizations in Eqs. (17) and (18), then we derive in t the first obtained equation
and the second one in r. Finally we sum each other the two so-obtained expressions, arriving to the equation:
The same equation can be solved imposing δn(r, t) = C e i(k·r−ωt) ,
and solving the consequent algebraic equation for ω. The final result for the first sound velocity is (see e.g. [18] ):
In the D = 2 case, Eq. (13) yields:
Notice that the latter result is not valid limit g → 0, where the zero sound equations hold instead.
For the case D = 3, the explicit dependence of the first sound (rescaled in unity of Fig. 4 . We find an increase ofṽ 1 withΩ. By increasingΩ one has more and more atoms in only the state +. At some point the ground state is formed only by atoms in this + state and, as a consequence, there is no interaction between fermions and the first sound does not exist anymore. Thus, for largeΩ the sound can be collisional, and described by We also show in Fig. 5 the dependence ofṽ 1 ong at fixedñ = 2 andΩ = 0.5, finding the opposite behaviour ofṽ 1 . Notice that in both of the plots, regimes where n ± = 0 are considered.
We comment finally that in Eq. (16) we neglected viscosity terms η∇ 2 v, the same will be done in the following. Strictly speaking, this is possible with good accuracy close to unitarity [19] [20] [21] . On the contrary, far from unitary this term leads generally to a damping of the oscillations proportional to the factor e −η |r| , nevertheless not affecting the first sound velocity. 
D=3 case
The zero sound can be derived exploiting the Boltzmann equation in the collisionless regime, named Landau-Vlasov equation [11] :
In this equation f ± (r, p, t) is the phase-space distribution of the fermionic quasiparticles ± (assumed both occupied) with position r and momentum p, having the property dp f ± (r, p, t) = n ± (r, t)
and similarly for the same integral in r.
The quantities U ± (r) in Eq. (23) are generally the potentials acting on the components ±; when the specific interaction in Eq. (1) is assumed, then U ± (r) = g n ∓ (r) are the Hartree potentials introduced in Section III B. Expanding f ± (r, p, t) and n ± (r) around their equilibrium values for general U ± (r)
with s = ±, f s,eq (p) = δ µ (I) s − s,eq (p) and ±,eq (p) = p 2 2m +g n ± . We obtain (after relabelling for sake of brevity δf s (r, p, t) ≡ f s (r, p, t)):
The quantity F (p, p ) is the so-called interaction function between the components. This function measures the change of the quasiparticle energies for small deviations of the distribution functions n ± (p) = dr f ± (r, p, t) from the step function θ |p| − p
being the Fermi momenta) typical of Fermi gases in equilibrium:
and it vanishes in absence of interaction [11] . For most of the practical cases, one can fix |p| = |p | = p
± , so that the interaction function can be supposed depending only onp ·p . In these pretty general hypothesis, Eqs. (23) can be simplified by the linearizing ansatz:
valid under the further hypothesis that the initial perturbation giving rise to the zero-sound has a typical energy scale U such that U µ 
± ·p dp = 0 . (29)
In the absence of interaction, F p 
Assuming now the point-like repulsion in Eq. (1), so that in Eqs. (23) it results U ± (r) = g n ± (r), the interaction function turns out to be constant and equal to 2 g, and the latter equation reduces to
with the adimensional quantities
Eqs. (31) can be also derived by a random phase approximation (RPA) approach for unbalanced Fermi gases, used e.g. in [22] . Moreover they can be solved directly by the substitution [11] 
leading finally to the system [23]
where Γ = C+ C− . We also define:
In this way, the condition
(we look for a unique sound, corresponding with the situation in the collisional regime) results into the other one:
We insert now the last in relation in Eq. (35) and we solve the so-obtained system in r + . In this way, exploiting Eq. (37), we arrive finally to the zero sound velocity (rescaled in unity of
The results are reported in Fig. 6 forΩ varying and fixed n = 2 andg = 0.2 and in Fig. 7 forg varying and fixed n = 2 andΩ = 0.5. Again in both of the plots, regimes where n ± = 0 are considered.
D = 2 case
In this case Eq. (31) becomes: 
Notice that the differences between the systems in Eq. We notice finally that for the present case, D = 2, a study of the zero sound has been performed by a RPA approach in [22] and [24, 25] also in the presence of a Rashba coupling.
VII. CONCLUSIONS
In this paper we have analyzed the equation of state of a two-component repulsive Fermi gas under the application of a Rabi coupling. As main application we have investigated the behavior of first sound and zero sound after a local perturbation of the uniform density. Notably the application of the Rabi coupling appears as an effective experimental strategy to tune the sounds by hand, varying the Rabi frequency Ω. Finally, in the Appendix some density profile in presence of an harmonic external trap, mostly used in current experiments, are derived in local density approximation, as well as the densities and the chemical potentials at the center of the trap, where the measurements for the sounds are usually performed. Our findings can be relevant for current experiments in ultracold gases, where the application of Rabi couplings is widely used for various purposes, as mentioned in the Introduction. edge the University of Padova. LS acknowledges for partial support the 2016 BIRD project "Superfluid properties of Fermi gases in optical potentials" of the University of Padova.
Appendix: Trap effects
In all the examples considered so far we analyzed uniform gases in a continuous D-dimensional space. At variance, in many other real experiments the space-density is made non uniform by the presence of a confining harmonic potential. In these conditions, the sound velocity is generally measured in the centre of the trap, so that the results of the previous Sections hold using the atomic densities and chemical potentials in this point. Although these quantities can be as well measured directly in the centre of the trap, it is interesting to derive analitically some density profile in the presence of an harmonic trap; this is the aim of this Section. The trapping harmonic potential has the general form:
The effect on the trap can be taken into account in local-density approximation, defining two space dependent chemical potentials as [26] :
being µ
± the equilibrium chemical potentials (defined as in Eq. (9) at the center of the trap for the components η ± , and two space-dependent densities n ± (r) related to µ (I) ± (r) as in the previous Section: µ
The quantities µ ± can be found by solving the equation:
being N the total number of loaded atoms, assumed known, and V ± are the volumes of the trap, whose extensions, characterized by the radii R
The total density n(r) is then n(r) = n + (r) + n − (r), with n ± (r) related to µ (I) ± (r) as above. We assume first the non interacting case g = 0 (where µ
If D = 2 (ω z ω x = ω y ≡ ω and ω z µ), similar calculations lead to:
Notice that in this case the positiveness of the argument in the square root in Eq. (46) is always fulfilled when the two branches ± in Eq. (3) are both populated.
In the case D = 3, µ can be obtained as the unique real solution of the third order algebraic equation 
where ω x = ω y = ω z ≡ ω. Although the analitical expression of this solution is not particularly enlightening, its qualitative analysis indicates a growth for µ as ω increases, and the opposite trend when Ω is varied. Both these behaviours are the ones expected from intuition and are also found for the cases D = 1, 2, Eqs. (45) and (46). Remarkably, if D = 1 no dependence on Ω is found: this effect has the same origin of the homogeneous 2D case and it is simply due to a constant density of states. Notice that for every ω > 0 and Ω > 0, it always exists a solution µ > 0. In the interacting case g = 0, µ and µ 48) is available in general, we give here details about the case D = 2. Under this condition we obtain g A 2 1 :
m ω 2 |r| 2 .
(49) In this way, the condition µ m ω 2 µ 1 + g A 2 ± Ω 1 − g A 2 .
(50)
As functions of R 
